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CHAPTER
ONE

INTRODUCTION

This is the reference manual of the Rocq Prover. Rocq is a proof assistant or interactive theorem prover. It lets you
formalize mathematical concepts and then helps you interactively generate machine-checked proofs of theorems. Machine
checking gives users much more confidence that the proofs are correct compared to human-generated and -checked proofs.
Rocq has been used in a number of flagship verification projects, including the CompCert verified C compiler?, and has
served to verify the proof of the four color theorem® (among many other mathematical formalizations).

Users generate proofs by entering a series of tactics that constitute steps in the proof. There are many built-in tactics, some
of which are elementary, while others implement complex decision procedures (such as 1ia, a decision procedure for
linear integer arithmetic). Lzac and its planned replacement, Ltac2, provide languages to define new tactics by combining
existing tactics with looping and conditional constructs. These permit automation of large parts of proofs and sometimes
entire proofs. Furthermore, users can add novel tactics or functionality by creating Rocq plugins using OCaml.

The Rocq kernel, a small part of the Rocq Prover, does the final verification that the tactic-generated proof is valid. Usually
the tactic-generated proof is indeed correct, but delegating proof verification to the kernel means that even if a tactic is
buggy, it won’t be able to introduce an incorrect proof into the system.

Finally, Rocq also supports extraction of verified programs to programming languages such as OCaml and Haskell. This
provides a way of executing Rocq code efficiently and can be used to create verified software libraries.

To learn Rocq, beginners are advised to first start with a tutorial / book. Several such tutorials / books are listed at
https://rocq-prover.org/docs.

This manual is organized in three main parts, plus an appendix:

 The first part presents the specification language of the Rocq Prover, that allows to define programs and
state mathematical theorems. Core language presents the language that the kernel of Rocq understands. Language
extensions presents the richer language, with notations, implicits, etc. that a user can use and which is translated
down to the language of the kernel by means of an “elaboration process”.

* The second part presents proof mode, the central feature of the Rocq Prover. Proof mode introduces this
interactive mode, then Basic tactics introduces the standard Rocq tactics and The SSReflect proof language presents
the alternative SSReflect tactics. Automatic solvers and programmable tactics presents some more advanced tactics,
while Creating new tactics is about the languages that allow a user to combine tactics together and develop new ones.

* The third part shows how to use the Rocq Prover in practice. Libraries and plugins presents some of the essen-
tial reusable blocks from the ecosystem and some particularly important extensions such as the program extraction
mechanism. Command-line and graphical tools documents important tools that a user needs to build a Rocq project.

¢ In the appendix, History and recent changes presents the history of Rocq and changes in recent releases. This is an
important reference if you upgrade the version of Rocq that you use. The various indexes are very useful to quickly
browse the manual and find what you are looking for. They are often the main entry point to the manual.

2 http://compcert.inria.fr/
3 https://github.com/math-comp/fourcolor
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© Note

License

This material (the Rocq Reference Manual) may be distributed only subject to the terms and conditions set forth in
the Open Publication License, v1.0 or later (the latest version is presently available at http://www.opencontent.org/
openpub). Options A and B are not elected.

2 Chapter 1. Introduction
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CHAPTER
TWO

SPECIFICATION LANGUAGE

2.1 Core language

At the heart of the Rocq Prover is the Rocq kernel. While users have access to a language with many convenient features
such as notations, implicit arguments, etc. (presented in the next chapter), those features are translated into the core
language (the Calculus of Inductive Constructions) that the kernel understands, which we present here. Furthermore, while
users can build proofs interactively using tactics (see Chapter Basic factics), the role of these tactics is to incrementally
build a “proof term” which the kernel will verify. More precisely, a proof term is a ferm of the Calculus of Inductive
Constructions whose 7ype corresponds to a theorem statement. The kernel is a type checker which verifies that terms have
their expected types.

This separation between the kernel on one hand and the elaboration engine and tactics on the other follows what is known
as the de Bruijn criterion (keeping a small and well delimited trusted code base within a proof assistant which can be
much more complex). This separation makes it necessary to trust only a smaller, critical component (the kernel) instead
of the entire system. In particular, users may rely on external plugins that provide advanced and complex tactics without
fear of these tactics being buggy, because the kernel will have to check their output.

2.1.1 Basic notions and conventions
This section provides some essential notions and conventions for reading the manual.

We start by explaining the syntax and lexical conventions used in the manual. Then, we present the essential vocabulary
necessary to read the rest of the manual. Other terms are defined throughout the manual. The reader may refer to the
glossary index for a complete list of defined terms. Finally, we describe the various types of settings that Rocq provides.

Syntax and lexical conventions

Syntax conventions

The syntax described in this documentation is equivalent to that accepted by the Rocq parser, but the grammar has been
edited to improve readability and presentation.

In the grammar presented in this manual, the terminal symbols are black (e.g. forall), whereas the nonterminals are
orange, italic and hyperlinked (e.g. term). Some syntax is represented graphically using the following kinds of blocks:
?
item
An optional item.
+
item
A list of one or more items.

*
item
An optional list of items.
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- +
item

99,9

A list of one or more items separated by ”’s” (e.g. item; s item, s item,).
*
item
S

999

An optional list of items separated by ”s”.
item, | item, |
Alternatives (either item, or item, or ...).

Precedence levels* that are implemented in the Rocq parser are shown in the documentation by appending the level to the
nonterminal name (as in term100 or ltac_expr3).

© Note

Rocq uses an extensible parser. Plugins and the notation system can extend the syntax at run time. Some notations
are defined in the prelude, which is loaded by default. The documented grammar doesn’t include these notations.
Precedence levels not used by the base grammar are omitted from the documentation, even though they could still be
populated by notations or plugins.

Furthermore, some parsing rules are only activated in certain contexts (proof mode, custom entries...).

A Warning

Given the complexity of these parsing rules, it would be extremely difficult to create an external program that can
properly parse a Rocq document. Therefore, tool writers are advised to delegate parsing to Rocq, by communicating
with it, for instance through coq-lsp”.

> See also

Print Grammar

Lexical conventions

Blanks
Space, newline and horizontal tab are considered blanks. Blanks are ignored but they separate tokens.

Comments
Comments are enclosed between (* and *). They can be nested. They can contain any character. However,
embedded string literals must be correctly closed. Comments are treated as blanks.

Identifiers
Identifiers, written ident, are sequences of letters, digits, _ and ', that do not start with a digit or '. That is, they
are recognized by the following grammar (except that the string _ is reserved; it is not a valid identifier):

*

ident ::= first_letter | subsequent_letter
first_letter = 2. Z ‘ A..Z ‘ _ ‘ unicode_letter
subsequent letter ::= | first_letter ‘ digit ‘ ! ‘ unicode_id_part

4 https://en.wikipedia.org/wiki/Order_of_operations
5 https://github.com/ejgallego/coq-1sp

4 Chapter 2. Specification language
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All characters are meaningful. In particular, identifiers are case-sensitive. unicode_letter non-exhaustively
includes Latin, Greek, Gothic, Cyrillic, Arabic, Hebrew, Georgian, Hangul, Hiragana and Katakana characters,
CJK ideographs, mathematical letter-like symbols and non-breaking space. unicode_id_part non-exhaustively
includes symbols for prime letters and subscripts.

Numbers
Numbers are sequences of digits with an optional fractional part and exponent, optionally preceded by a minus
sign. Hexadecimal numbers start with 0x or 0X. integers are signed numbers without fraction or exponent parts.
naturals are non-negative integers. Underscores embedded in the digits are ignored, for example 1_000_000 is
the same as 1000000.

? ?
9
number ::= [ decnat|.|digit ‘ _ e | E|l[+ | - decnat
?
2 . + ?
=+ hexnat |. | hexdigit ‘ _ p ‘ P|[+ | -7 decnat

integer ::= bigint
bigint si= =0 bignat
natural = bignat
bignat = |decnat | hexnat

*
decnat = digit|digit ‘
digit = 0.9

*

hexnat = [0x | 0X]|hexdigit| hexdigit
hexdigit = 0.9 | a.f | A.F

number, bigint and bignat, which are used in terms, generally have no range limitation. integer and
natural, which are used as arguments in tactics and commands, are limited to the range that fits into an OCaml
integer (63-bit integers on most architectures).

The standard library provides a few interpretations for number. Some of these interpretations support exponential
notation for decimal numbers, for example 5.02e-6 means 5.02x107°; and base 2 exponential notation for hex-
adecimal numbers denoted by p or p, for example 0xAp12 means 10x2'2. The Number Notation mechanism
lets the user define custom parsers and printers for number.

By default, numbers are interpreted as nats, which is a unary representation. For example, 3 is represented as
S (S (S 0)). While this is a convenient representation for doing proofs, computing with large nats can lead
to stack overflows or running out of memory. You can explicitly specify a different interpretation to avoid this
problem. For example, the Stdlib library enables to write 1000000%2 for a more efficient binary representation of
that number as an integer. See Notation scopes and term_scope for the % notation.

© Example: Stack overflow with nat

Fail Eval compute in 100000 + 100000. (* gives a stack overflow (not.
wShown) *)
The command has indeed failed with message:
To avoid stack overflow, large numbers in nat are interpreted as.
wapplications
of Nat.of_num_uint. [abstract-large-number, numbers,default]

From Stdlib Require Import ZArith. (* for definition of Z *)

Eval compute in (1000000000000000000000000000000000 + 1)%Z.
Toplevel input, characters 16-58:
> Eval compute in (1000000000000000000000000000000000 + 1)%Z.

> AAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAN

Error: Unknown scope delimiting key Z.

2.1. Core language 5
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Strings
Strings begin and end with " (double quote). Use "" to represent a double quote character within a string. In the
grammar, strings are identified with st ring.

The string Notation mechanism offers the user a way to define custom parsers and printers for st ring.

Keywords
The following character sequences are keywords defined in the main Rocq grammar that cannot be used as identifiers
(even when starting Rocq with the -noinit command-line flag):

_ Axiom CoFixpoint Definition Fixpoint Hypothesis Parameter Prop
SProp Set Theorem Type Variable as at cofix else end
fix for forall fun if in let match return then where with

The following are keywords defined in notations or plugins loaded in the prelude:

by exists exists2 using

Note that loading additional modules or plugins may expand the set of reserved keywords.
Print Keywords can be used to print the current keywords and tokens.

Other tokens
The following character sequences are tokens defined in the main Rocq grammar (even when starting Rocq with
the -noinit command-line flag):

V#FHFDS S & " (O)) 4+, - >
o oo / 8 88 88> 8= 3> g € &F &= <3
<<: <= ==>>>>2 Q@ Q{ [ 1 _

G S G G O I R B
The following character sequences are tokens defined in notations or plugins loaded in the prelude:

&& ** 4+ L. L1 .2 ii= <> <> >= /N \/ || ~ ~

Note that loading additional modules or plugins may expand the set of defined tokens.

When multiple tokens match the beginning of a sequence of characters, the longest matching token not
cutting a subsequence of contiguous letters in the middle is used. Occasionally you may need to insert spaces
to separate tokens. For example, if ~ and ~~ are both defined as tokens, the inputs ~ ~ and ~~ generate
different tokens, whereas if ~~ is not defined, then the two inputs are equivalent. Also, if ~ and ~_h are both
defined as tokens, the input ~_ho is interpreted as ~ _ho rather than ~_h o so as not to cut the identifier-like
subsequence ho. Contrastingly, if only ~_h is defined as a token, then ~_ho is an error because no token can

be found that includes the whole subsequence ho without cutting it in the middle. Finally, if all of ~, ~_h
and ~_ho are defined as tokens, the input ~_ho is interpreted using the longest match rule, i.e. as the token
~_ho.

Essential vocabulary

This section presents the most essential notions to understand the rest of the Rocq Prover manual: zerms and rypes on the
one hand, commands and tactics on the other hand.

term
Terms are the basic expressions of Rocq. Terms can represent mathematical expressions, propositions and proofs,
but also executable programs and program types.

6 Chapter 2. Specification language
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type

Here is the top-level syntax of terms. Each of the listed constructs is presented in a dedicated section. Some of
these constructs (like term forall_or fun) are part of the core language that the kernel of Rocq understands
and are therefore described in this chapter, while others (like term_if) are language extensions that are presented
in the next chapter.

term 1= terml00
terml00 ::= term_cast
term99
term99 1= terml0
terml0 ::=  term_application
| term_forall_or_fun
\ term_let
\ term_fix
\ term_cofix
\ term_if
\ one_term
one_term ::=  term_explicit
\ terml
terml ::=  term_projection
| term_scope
\ term0
term( ::= qualid_annotated
\ sort
\ number_or_string
| term_evar
\ term_match
\ term_record
\

term_generalizing
* ? - &
| [l |term - | term |: type | |]|univ_annot
b

\ term_ltac

\ (term)
i3
qualid_annotated ::= qualid|univ_annot

O Note

Many commands and tactics use one_term (in the syntax of their arguments) rather than term. The former
need to be enclosed in parentheses unless they’re very simple, such as a single identifier. This avoids confusing
a space-separated list of terms or identifiers with a term_application.

To be valid and accepted by the Rocq kernel, a term needs an associated type. We express this relationship by “x
of type T, which we write as “z : T™. Informally, “x : T can be thought as “x belongs to 1.

The Rocq kernel is a type checker: it verifies that a term has the expected type by applying a set of typing rules
(see T'yping rules). If that’s indeed the case, we say that the term is well-typed.

A special feature of the Rocq language is that types can depend on terms (we say that the language is dependently-
typed®). Because of this, types and terms share a common syntax. All types are zerms, but not all terms are types.
The syntactic aliases type and one_type are used to make clear when the provided ferm must semantically be a

type:

6 https://en.wikipedia.org/wiki/Dependent_type
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type 1= term
one_type one_term

Intuitively, types may be viewed as sets containing terms. We say that a type is inhabited if it contains at least one
term (i.e. if we can find a term which is associated with this type). We call such terms inhabitants. Note that
deciding whether a type is inhabited is undecidable’.

Formally, types can be used to construct logical foundations for mathematics alternative to the standard “set the-
ory”: we call such logical foundations “type theories™. The Rocq Prover is based on the Calculus of Inductive

Constructions, which is a particular instance of type theory.

90

sentence
Rocq documents are made of a series of sentences that contain commands or tactics, generally terminated with a
period and optionally decorated with artributes.

*

document ::= |sentence
¥
sentence ::= |attributes | command .
? ?
| attributes | |natural : | query_command .
¥ ¥
| attributes | |toplevel_selector : | ltac_expr.

| control_command

ltac_expr syntax supports both simple and compound factics. For example: split is a simple tactic while
split; auto combines two simple tactics.

For more information, see Command level processing.

command
A command can be used to modify the state of a Rocq document, for instance by declaring a new object, or to get
information about the current state.

By convention, command names begin with uppercase letters. Commands appear in the HTML documentation
in blue or gray boxes after the label "Command”. In the pdf, they appear after the boldface label "Command:”.
Commands are listed in the command_index. Example:

*
Command: Comments one term ‘ string ‘ natural

Prints "Comments ok” and does not change the state of the document.

tactic
A tactic specifies how to transform the current proof state as a step in creating a proof. They are syntactically valid
only when Rocq is in proof mode, such as after a Theorem command and before any subsequent proof-terminating
command such as 0ed. See Proof mode for more on proof mode.

By convention, tactic names begin with lowercase letters. Tactic appear in the HTML documentation in blue or
gray boxes after the label "Tactic”. In the pdf, they appear after the boldface label "Tactic:”. Tactics are listed in
the tactic_index.

Settings

There are several mechanisms for changing the behavior of Rocq. The attribute mechanism is used to modify the default
behavior of a sentence or to attach information to Rocq objects. The flag, option and table mechanisms are used to modify
the behavior of Rocq more globally in a document or project.

7 https://en.wikipedia.org/wiki/Undecidable_problem
8 https://en.wikipedia.org/wiki/Set_theory
9 https://en.wikipedia.org/wiki/Type_theory
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Attributes

An attribute is used to modify the default behavior of a sentence or to attach information to a Rocq object. Syntacti-
cally, most commands and tactics can be decorated with attributes (cf. sentence), but attributes not supported by the
command or tactic will trigger This command does not support this attribute. There is also a command

Attributes to assign attributes to a whole document.

*

* *
attributes = |#] |attribute L ] legacy_attr
?
attribute = ident|attr_value
attr_value 1= =string
| = qualid

- +
| (| attribute L )

Local | Global
| Polymorphic ‘ Monomorphic

legacy_attr

| Cumulative | NonCumulative
| Private
| Program

The order of top-level attributes doesn’t affect their meaning.

#[bar]#[foo] are equivalent.

Boolean attributes take the form ident_,, =
yes.

#[foo,bar], #[bar, fool], #[fool#[bar] and

2

yes | no . When the [yes | no| value is omitted, the default is

The legacy attributes (1egacy_attr) provide an older, alternate syntax for certain attributes. They are equivalent to new

attributes as follows:

Legacy attribute New attribute
Local local
Global global

Polymorphic, Monomorphic
Cumulative, NonCumulative
Private
Program

universes (polymorphic)
universes (cumulative)
private (matching)
program

Attributes appear in the HTML documentation in blue or gray boxes after the label ”Attribute”. In the pdf, they appear
after the boldface label ”Attribute:”. Attributes are listed in the attribute_index.

Warning: This command does not support this attribute: ident.

This warning is configured to behave as an error by default. You may turn it into a normal warning by using the

Warnings option:

Set Warnings "unsupported-attributes".

#[ foo ] Comments.

Toplevel input, characters 3-6:

> #[ foo ]

> AANA

Comments.

Warning:

This command does not support this

attribute: foo.

(continues on next page)

2.1. Core language
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(continued from previous page)

[unsupported-attributes, parsing, default]
Comments ok

Generic attributes

The following attribute is supported by every command:

Attribute: warnings = string

Sets the given warning string locally for the command. After the command finishes the warning state is reset to what
it was before the command. For instance if the current warning state is some-warnings, —other-warning,

# [warnings="+other-warning"] Command.

is equivalent to

Set Warnings "t+other-warning".

Command.

Set Warnings "some-warnings, -other-warning".

and other-warning is an error while executing the command.

Consequently, using this attribute around an Import command will prevent it from changing the warning state.
See also Warnings for the concrete syntax to use inside the quoted string.

Attribute: warning = string

Alias of warnings.

Document-level attributes

+
Command: Attributes |attribute p

Associates attributes with the document. When compiled with rocqg compile (see Section The Rocq Prover
commands), the attributes are associated with the compiled file and may have an effect when the file is loaded with
Require. Supported attributes include deprecated and warn.

Flags, Options and Tables

The following types of settings can be used to change the behavior of Rocq in subsequent commands and tactics (see
Locality attributes supported by Set and Unset for a more precise description of the scope of these settings):

* A flag has a boolean value, such as Universe Polymorphism.
* An option generally has a numeric or string value, such as Firstorder Depth.
¢ A table contains a set of strings or qualids.

¢ In addition, some commands provide settings, such as Extraction Language.

setting_name ::= |ident

Flags, options and tables are identified by a series of identifiers. By convention, each of the identifiers start
with an initial capital letter.

Flags, options and tables appear in the HTML documentation in blue or gray boxes after the labels “Flag”, ”Option” and
“Table”. In the pdf, they appear after a boldface label. They are listed in the options_index.

10 Chapter 2. Specification language
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?
Command: Set setting name integer ‘ string

If setting name is a flag, no value may be provided; the flag is set to on. If setting name is an option, a value
of the appropriate type must be provided; the option is set to the specified value.

This command supports the Zocal, global and export attributes. They are described Zere.

Warning: There is no flag or option with this name: "setting name".

This warning message can be raised by Set and Unset when setting name is unknown. It is a warning
rather than an error because this helps library authors produce Rocq code that is compatible with several
Rocq versions. To preserve the same behavior, they may need to set some compatibility flags or options that
did not exist in previous Rocq versions.

Command: Unset setting name

If setting nameis aflag, it is set to off. If setting name is an option, it is set to its default value.

This command supports the 1ocal, global and export attributes. They are described Zere.

+
Command: Add setting name |qualid ‘ string

Adds the specified values to the table setting name.
This command supports the 1ocal, global and export attributes. The default is export outside sections and

local inside sections. Depending on the table some values may only allow local, typically section variables
cannot be added with export or global.

+
Command: Remove setting name gqualid ‘ string

Removes the specified value from the table setting name.

This command supports the same attributes as Add.

+
Command: Test setting name |for qualid ‘ string

If setting name is a flag or option, prints its current value. If setting name is a table: if the for clause is

specified, reports whether the table contains each specified value, otherwise this is equivalent to Print Table.

The for clause is not valid for flags and options.

Error: There is no flag, option or table with this name: "setting name".
This error message is raised when calling the 7est command (without the for clause), or the Print Table
command, for an unknown setting_ name.

Error: There is no qualid-valued table with this name: "setting name".

Error: There is no string-valued table with this name: "setting name".
These error messages are raised when calling the Add or Remove commands, or the Test command with the
for clause, if setting name is unknown or does not have the right type.

Command: Print Options

Prints the current value of all flags and options, and the names of all tables.

Command: Print Table setting name
Prints the values in the table setting name.

Command: Print Tables

A synonym for Print Options.

2.1. Core language 11
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Locality attributes supported by set and unset

The set and Unset commands support the mutually exclusive 1ocal, export and global locality attributes.

* If no attribute is specified, the original value of the flag or option is restored at the end of the current module but
it is not restored at the end of the current section.

* The Iocal attribute makes the setting local to the current Section (if applicable) or Module.

¢ The export attribute makes the setting local to the current Module, unless Import (or one of its variants) is used
on the Module.

* The g1obal attribute makes the setting persist outside the current Modu 1 e in the current file, or whenever Require
is used on the current file.

© Note

We discourage using the global locality attribute with the Set and Unset commands. If your goal is to define
project-wide settings, you should rather use the command-line arguments -set and —unset for setting flags and
options (see Command line options).

2.1.2 Sorts

sort ::= Set
| Prop
| SProp
| Type
| Type @{ _}
?
| Type @{ qualid | ‘ 35| | universe }
. . +
universe ::= max (|universe_expr | )
b
| -
| universe_expr
5
universe_expr ::= universe_name |+ natural

| natural

The types of types are called sorts.

All sorts have a type and there is an infinite well-founded typing hierarchy of sorts whose base sorts are SProp, Prop and
Set.

The sort Prop intends to be the type of logical propositions. If M is a logical proposition then it denotes the class of terms
representing proofs of M. An object m belonging to M witnesses the fact that M is provable. An object of type Prop is
called a proposition. We denote propositions by form. This constitutes a semantic subclass of the syntactic class term.

The sort SProp is like Prop but the propositions in SProp are known to have irrelevant proofs (all proofs are equal).
Objects of type SProp are called strict propositions. See SProp (proof irrelevant propositions) for information about using
SProp, and [GCST19] for meta theoretical considerations.

The sort Set intends to be the type of small sets. This includes data types such as booleans and naturals, but also products,
subsets, and function types over these data types. We denote specifications (program types) by specif. This constitutes
a semantic subclass of the syntactic class term.

SProp, Prop and Set themselves can be manipulated as ordinary terms. Consequently they also have a type. Because
assuming simply that Set has type Set leads to an inconsistent theory [Coq86], the language of CIC has infinitely many
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sorts. There are, in addition to the base sorts, a hierarchy of universes Type(s) for any integer ¢ > 1.

Like Set, all of the sorts Type(4) contain small sets such as booleans, natural numbers, as well as products, subsets and
function types over small sets. But, unlike Set, they also contain large sets, namely the sorts Set and Type(j) for j < 4,
and all products, subsets and function types over these sorts.

Formally, we call § the set of sorts which is defined by:
8 = {SProp, Prop, Set, Type(i) | i € {1,2,... }}

Their properties, such as Prop : Type(1), Set : Type(1), and Type(i) : Type(i + 1), are described in Subtyping rules.

Algebraic universes In practice, the Type hierarchy is implemented using algebraic universes, which appear in the syntax
TypeQ{universe}. Analgebraic universe w is either a variable, a successor of an algebraic universe (an expression u+1),
an upper bound of algebraic universes (an expression max(u, ..., u,, )), or ground universe N (Set is legacy syntax for 0).

A graph of constraints between the universe variables is maintained globally. To ensure the existence of a mapping of
the universes to the positive integers, the graph of constraints must remain acyclic. Typing expressions that violate the
acyclicity of the graph of constraints results in a Universe inconsistency error.

The user does not have to mention explicitly the universe u when referring to the universe Type@{u}. One only writes
Type. The system itself generates for each instance of Type a new variable for the universe and checks that the constraints
between these indexes can be solved. From the user point of view we consequently have Type : Type. We shall make
precise in the typing rules the constraints between the indices.

The syntax Type@{gqualid | universe} isused with Polymorphic Universes when quantifying over all sorts including
Prop and SProp.

> See also

Printing universes, Explicit Universes.

2.1.3 Functions and assumptions

Binders
. +
open_binders ::= [name T : type
\ binder
name ti=
\ ident
binder ::=  name

\ ([name * type)

\ (name |: type ? i=term)
| implicit_binders

| generalizing_binder

\ (name : type | term )

\ ' pattern(

Various constructions such as fun, forall, fix and cofix bind variables. A binding is represented by an identifier.
If the binding variable is not used in the expression, the identifier can be replaced by the symbol _. When the type of a
bound variable cannot be synthesized by the system, it can be specified with the notation (ident : type). There is

+
also a notation for a sequence of binding variables sharing the same type: ( ident : type). A binder can also be
any pattern prefixed by a quote, e.g. ' (x,vy).
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Some constructions allow the binding of a variable to value. This is called a “let-binder”. The entry binder of
the grammar accepts either an assumption binder as defined above or a let-binder. The notation in the latter case is
(ident := term). In a let-binder, only one variable can be introduced at the same time. It is also possible to give the
type of the variable as follows: (ident : type := term).

(x : T | P) is syntactic sugar for (x : @Stdlib.Init.Specif.sig _ (fun x : T => P)), which would
more typically be written (x : {x : T | P}).Since (x : T | P) uses sig directly, changing the notation {x
T | P} will not change the meaningof (x : T | P).

Lists of binders are allowed. In the case of fun and forall, it is intended that at least one binder of the list is an
assumption otherwise fun and forall gets identical. Moreover, parentheses can be omitted in the case of a single sequence
of bindings sharing the same type (e.g.: fun (x y z : A) => t canbeshortenedin fun x y z : A => t).

Functions (fun) and function types (forall)

term_forall_or_fun ::= forall open_binders , type
| fun open_binders => term

The expression fun ident : type => term defines the abstraction of the variable ident, of type type, over the
term term. It denotes a function of the variable ident that evaluates to the expression term(e.g. fun x : A => x
denotes the identity function on type 2). The keyword fun can be followed by several binders as given in Section Binders.
Functions over several variables are equivalent to an iteration of one-variable functions. For instance the expression

+ . + .
fun |ident, : type => termdenotes the same functionas fun ident; : type => term. If alet-binder
occurs in the list of binders, it is expanded to a let-in definition (see Section Let-in definitions).

The expression forall ident : type,, type, denotesthe product type (or product) of the variable ident of type
type, over the type type,. If ident is used in type,, then we say the expression is a dependent product, and otherwise
a non-dependent product.

The intention behind a dependent product forall x : A, B istwofold. It denotes either the universal quantification
of the variable x of type A in the proposition B or the functional dependent product from A to B (a construction usually
written I, 4. in set theory).

Non-dependent product types have a special notation: 2 —> B stands for forall _ : A, B. Non-dependent product
is used to denote both propositional implication and function types.

These terms are also useful:

* n : nat is a dependent premise of forall n:nat, n + 0 = n because n appears both in the binder of the
forall and in the quantified statement n + 0 = n. Note that if n isn’t used in the statement, Rocq considers it
a non-dependent premise. Similarly, let n := ... in termis a dependent premise only if n is used in term.

* 2 and B are non-dependent premises (or, often, just "premises”) of A —> B -> C because they don’t appear in a
forall binder. C is the conclusion of the type, which is a second meaning for the term conclusion. (As noted, A
—-> B is notation for the term forall _ : A, B;the wildcard _ can’t be referred to in the quantified statement.)

As for abstractions, forall is followed by a binder list, and products over several variables are equivalent to an iteration
of one-variable products.

Function application

. +
term_application ::= terml0|arg

+
| @ qualid_annotated | terml

arg ::= (ident :=term)
| ( natural := term )
| terml
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terml terml denotes applying the function termi . to terml.

fun fun

+ .
cun | terml, | denotes applying terml,
terml, ) .. ) terml_: associativity is to the left.

terml to the arguments termi,. It is equivalent to ( .. ( termi

fun

+ . e . L .. .
The @ qualid_annotated terml | form requires specifying all arguments, including implicit ones. Otherwise,
implicit arguments need not be given. See Implicit arguments.

The notations (ident := term) and (natural := term) for arguments are used for making explicit the value of
implicit arguments. See Explicit applications.

Assumptions

Assumptions extend the global environment with axioms, parameters, hypotheses or variables. An assumption binds an
ident to a type. It is accepted by Rocq only if type is a correct type in the global environment before the declaration
and if ident was not previously defined in the same module. This type is considered to be the type (or specification, or
statement) assumed by ident and we say that ident has type type.

?
?

Command: assumption_token Inline | ( natural ) T assumpt ( assumpt )
assumption_token - |Axiom | Axioms
\ Conjecture ‘ Conjectures
\ Parameter | Parameters

| Hypothesis ‘ Hypotheses
\ Variable | Variables

+
assumpt ::= |ident_decl | of_type
?
ident_decl ::=  ident|univ_decl
of _type s:= [ [ >|type

These commands bind one or more ident(s) to specified type(s) as their specifications in the global environment.
The fact asserted by type (or, equivalently, the existence of an object of this type) is accepted as a postulate. They
accept the program, deprecated and warn attributes.

Axiom, Conjecture, Parameter and their plural forms are equivalent. They can take the 1ocal attribute, which
makes the declared ident accessible only through their fully qualified names, even if Import or its variants has
been used on the current module.

Similarly, Hypothesis, Variable and their plural forms are equivalent. They should only be used inside Sections.
The idents defined are only accessible within the section. When the current section is closed, the ident(s) become
undefined and every object depending on them will be explicitly parameterized (i.e., the variables are discharged).
See Section Sections.

>
If specified, ident_dec1 is automatically declared as a coercion to the class of its type. See Implicit Coer-
cions.

The Inline clause is only relevant inside module types used for functor arguments. See Module.

© Example: Simple assumptions

Parameter X Y : Set.

Parameter (R : X -—> Y -> Prop) (S : Y —> X —> Prop) .
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‘ Axiom R_S_inv : forall x y, R x y <> S y x.

Error: ident already exists.
Warning:

Use of "Variable" or "Hypothesis" outside sections behaves as "#[local] Parameter" or "#[local] Axior

Warning generated when using variable or its equivalent instead of Local Parameter or its equivalent. This
message is an error by default, it may be convenient to disable it while debuging.

O Note

We advise using the commands Axiom, Conjectureand Hypothesis (and their plural forms) for logical postulates
(i.e. when the assertion type is of sort Prop), and to use the commands Parameterand Variable (and their plural
forms) in other cases (corresponding to the declaration of an abstract object of the given type).

2.1.4 Definitions

Let-in definitions

2
term_let ::= let name|: type | := term in term

+ ?
| let name |binder | |: type | := term in term

| destructuring_let

let ident := term; in term, represents the local binding of the variable ident to the value term, in term,.

+ . .. +
let ident |binder := term; in term, is an abbreviation for let ident := fun binder | => term,
in term,.

> See also

Extensions of the 1et ... in ... syntax are described in Irrefutable patterns: the destructuring let variants.
Type cast

term_cast ::= term99 <: type

| term99 «: type
| term99 > type
[ term99 : type

The expression term99 : type is a type cast expression. It enforces the type of term99 to be type.

term99 <: type specifies that the virtual machine will be used to type check that term99 has type type (see
vm_compute).

term99 <<: type specifies that compilation to OCaml will be used to type check that term99 has type type (see
native_compute).
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term99 :> type enforces the type of term99 to be type without leaving a trace in the produced value. This is a
volatile cast.

If a scope is bound to type then term99 is interpreted in that scope.

Top-level definitions

Definitions extend the global environment by associating names to terms. A definition can be seen as a way to give a
meaning to a name or as a way to abbreviate a term. In any case, the name can later be replaced at any time by its
definition.

The operation of unfolding a name into its definition is called delfa-reduction. A definition is accepted by the system if
and only if the defined term is well-typed in the current context of the definition and if the name is not already used. The
name defined by the definition is called a constant and the term it refers to is its body. A definition has a type, which is
the type of its body.

A formal presentation of constants and environments is given in Section Typing rules.

Command: Definition ‘ Example ident_ decl def body

* 9 ?
def_body ::= |binder | |: type | :=|reduce | term
*
| binder | : type
reduce ::= Eval red_exprin

These commands bind termto the name ident in the global environment, provided that termis well-typed. They
can take the 1ocal attribute, which makes the defined ident accessible only through their fully qualified names,
even if Import or its variants has been used on the current Module. If reduce is present then ident is bound to
the result of the specified computation on term.

These commands also support the universes (polymorphic), refine, program (see Program Definition),
canonical, bypass_check (universes), bypass_check (quard), deprecated, warn and using at-
tributes.

If termis omitted, type is required and Rocq enters proof mode. This can be used to define a term incrementally,
in particular by relying on the refine tactic. In this case, the proof should be terminated with De fined in order
to define a constant for which the computational behavior is relevant. See Entering and exiting proof mode.

The form Definition ident : type := termchecks that the type of termis definitionally equal to type,

and registers ident as being of type type, and bound to value term.
& . .
The form Definition ident binder : type := term IS equivalent to Definition

* *
ident : forall binder |, type := fun binder => term.

With attribute refine, the user can leave out parts of the definition (writing _ instead) and Rocq enters proof
mode to fill in the holes. refine is not compatible with reduce.

> See also

Opaque, Transparent, unfold.

Error: ident already exists.

Error: The term term has type type while it is expected to have type type'.
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Assertions and proofs

An assertion states a proposition (or a type) for which the proof (or an inhabitant of the type) is interactively built using
tactics. Assertions cause Rocq to enter proof mode (see Proof mode). Common tactics are described in the Basic tactics
chapter. The basic assertion command is:

* *

Command: thm_token ident_decl |binder : type |with ident decl |binder . type

thm_token ::= Theorem
\ Lemma

| Fact

\ Remark

\ Corollary

| Proposition
\ Property

After the statement is asserted, Rocq needs a proof. Once a proof of type under the assumptions represented
*

by binders is given and validated, the proof is generalized into a proof of forall binder | , type and the
theorem is bound to the name ident in the global environment.

These commands accept the program attribute. See Program Lemma.

Forms using the with clause are useful for theorems that are proved by simultaneous induction over a mutually
inductive assumption, or that assert mutually dependent statements in some mutual coinductive type. It is equivalent
to Fixpoint Or CoFixpoint butusing tactics to build the proof of the statements (or the body of the specification,
depending on the point of view). The inductive or coinductive types on which the induction or coinduction has to
be done is assumed to be unambiguous and is guessed by the system.

Like in a Fixpoint or CoFixpoint definition, the induction hypotheses have to be used on structurally smaller
arguments (for a 7ixpoint) or be guarded by a constructor (for a CoFixpoint). The verification that recursive
proof arguments are correct is done only at the time of registering the lemma in the global environment. To know if
the use of induction hypotheses is correct at some time of the interactive development of a proof, use the command
Guarded.

This command accepts the bypass_check (universes), bypass_check (quard), deprecated, warn, and
using attributes.

Error: The term term has type type which should be Set, Prop or Type.

Error: ident already exists.

The name you provided is already defined. You have then to choose another name.

Error: Nested proofs are discouraged and not allowed by default.

This error probably means that you forgot to close the last "Proof." with "Qed.
" or "Defined.". If you really intended to use nested proofs,

you can do so by turning the "Nested Proofs Allowed" flag on.

You are asserting a new statement when you're already in proof mode. This feature, called nested proofs, is
disabled by default. To activate it, turn the Nested Proofs Allowed flagon.

Proofs start with the keyword proor. Then Rocq enters the proof mode until the proof is completed. In proof mode,
the user primarily enters tactics (see Basic tactics). The user may also enter commands to manage the proof mode (see
Proof mode).

When the proof is complete, use the 0ed command so the kernel verifies the proof and adds it to the global environment.
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© Note

1. Several statements can be simultaneously asserted provided the Nested Proofs Allowed flag was turned
on.

2. Not only other assertions but any command can be given while in the process of proving a given assertion. In
this case, the command is understood as if it would have been given before the statements still to be proved.
Nonetheless, this practice is discouraged and may stop working in future versions.

3. Proofs ended by 0ed are declared opaque. Their content cannot be unfolded (see Applying conversion rules),
thus realizing some form of proof-irrelevance. Proofs that end with De £ined can be unfolded.

4. proof is recommended but can currently be omitted. On the opposite side, Oed (or De fined) is mandatory
to validate a proof.

5. One can also use Admitted in place of Oed to turn the current asserted statement into an axiom and exit proof
mode.

2.1.5 Conversion rules

The Rocq Prover has conversion rules that can be used to determine if two terms are equal by definition in CIC, or
convertible. Conversion rules consist of reduction rules and expansion rules. Equality is determined by converting both
terms to a normal form, then verifying they are syntactically equal (ignoring differences in the names of bound variables
by alpha-conversion).

> See also
Applying conversion rules, which describes tactics that apply these conversion rules.
Reductions convert terms to something that is incrementally closer to its normal form. For example, zeta-reduction

removes let ident := term, in term, constructs from a term by replacing ident with term, wherever ident
appears in term,. The resulting term may be longer or shorter than the original.

Eval cbv zeta in let i := 1 in 1 + 1.
=1+ 1
nat
Expansions are reductions applied in the opposite direction, for example expanding 2 + 2tolet i := 2 in i + i.
While applying reductions gives a unique result, the associated expansion may not be unique. For example, 2 + 2 could
also be expanded to let i := 2 in i + 2. Reductions that have a unique inverse expansion are also referred to as
contractions.

The normal form is defined as the result of applying a particular set of conversion rules (beta-, delta-, iota- and zeta-
reduction and eta-expansion) repeatedly until it’s no longer possible to apply any of them.

Sometimes the result of a reduction tactic will be a simple value, for example reducing 2*3+4 with cbv beta delta
iota to 10, which requires applying several reduction rules repeatedly. In other cases, it may yield an expression con-
taining variables, axioms or opaque contants that can’t be reduced.

The useful conversion rules are shown below. All of them except for eta-expansion can be applied with conversion tactics
such as chv:
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Conversion Description

name

beta-reduction eliminates fun

delta-reduction  replaces a defined variable or constant with its definition

zeta-reduction eliminates let

eta-expansion replaces a term £ of type forall a : A, Bwithfun x : A => f x

match-reduction eliminates match

fix-reduction replaces a £ix with a beta-redex; recursive calls to the symbol are replaced with the
fix term

cofix-reduction  replaces a cofix with a beta-redex; recursive calls to the symbol are replaced with
the cofix term
iota-reduction match-, fix- and cofix-reduction together

Applying conversion rules describes tactics that only apply conversion rules. (Other tactics may use conversion rules in
addition to other changes to the proof state.)

a-conversion

Two terms are a-convertible if they are syntactically equal ignoring differences in the names of variables bound within the
expression. For example forall x, x + 0 = x is a-convertible with forall y, y + 0 = y. (Internally, Rocq
represents these two terms using de Bruijn indices, so explicit a-conversion is not necessary.)

B-reduction

[-reduction reduces a beta-redex, which is a term in the form (fun x => t) u. (Beta-redex is short for “beta-reducible
expression”, a term from lambda calculus. See Beta reduction'® for more background.)

Formally, in any global environment E and local context T', the beta-reduction rule is:

Beta

EE((Ax:T.t)u) >pg t{x/u}

We say that ¢t{x/u} is the S-contraction of ((Ax : T.t) u) and, conversely, that (A : T'. ¢) u) is the S-expansion of
Terms of the Calculus of Inductive Constructions enjoy some fundamental properties such as confluence, strong normal-

ization, subject reduction. These results are theoretically of great importance but we will not detail them here and refer
the interested reader to [Cog85].

O-reduction

d-reduction replaces variables defined in local contexts or constants defined in the global environment with their values.
Unfolding means to replace a constant by its definition. Formally, this is:

Delta-Local

WF (E)[T) (x:=t:T)eTl
ElfFa >yt
Delta-Global
WF(E)[T) (c:=t:T)eFE
EllFec st

10 https://en.wikipedia.org/wiki/Beta_normal_form#Beta_reduction
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Delta-reduction unfolds constants when permitted by their opagueness settings.

t-reduction

A specific conversion rule is associated with the inductive objects in the global environment. We shall give later on (see
Section Well-formed inductive definitions) the precise rules but it just says that a destructor applied to an object built from
a constructor behaves as expected. This reduction is called i-reduction and is more precisely studied in [PM93a, Wer94].

C-reduction

C-reduction removes let-in definitions in terms by replacing the defined variable by its value. One way this reduction differs
from d-reduction is that the declaration is removed from the term entirely. Formally, this is:

Zeta

WF (E)[I] ElFu:U El:(x:=u:U)]Ft:T
ElFletr:=u:Uint >, t{z/u}

n-expansion

Another important concept is 1-expansion. It is legal to identify any term ¢ of functional type Va : T', U with its so-called
N-expansion

Az T. (tx)

for x an arbitrary variable name fresh in ¢.

© Note

We deliberately do not define n-reduction:
Az T. (tx) B, t

This is because, in general, the type of ¢ need not be convertible to the type of Az : T (¢ x). E.g., if we take f such
that:

f: Vo Type(2), Type(l)
then
Az : Type(l). (fz) : Va: Type(l), Type(l)
We could not allow
Az : Type(l). (f ) D>, f
because the type of the reduced term Vz : Type(2), Type(1) would not be convertible to the type of the original
term Vz : Type(1), Type(1).

Examples

© Example: Simple delta, fix, beta and match reductions

+ is a notation for Nat . add, which is defined with a Fixpoint.
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Print Nat.add.

Nat.add =
fix add (n m nat) {struct n} nat :=
match n with
[ 0 =>m
| S p =>9S (add p m)
end

nat —-> nat —-> nat
Arguments Nat.add (n m)%_nat_scope

Goal 1 + 1 = 2.

1 goal
1 +1 =2
cbv delta.
1 goal
(fix add (n m nat) {struct n} nat :=
match n with
| 0 =>m
| S p =>S (add p m)
end)
11 =
2
cbv fix.
1 goal
(fun n m nat =>
match n with
| 0 =>m
[ S p =>
S)
((£ix add (n0 mO nat) {struct nO}
match n0 with
| 0 => m0
| S pO0 => S (add p0 m0)
end)
p m)
end) 1 1 =
2
cbv beta.

nat :=

22
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match 1 with
| 0 => 1
| S p =>

S

((fix add (n m : nat) {struct n} : nat :=
match n with

0 =>m
| S p0 => S (add p0 m)
end)
p 1)
end = 2
cbv match.
1 goal
S
((fix add (n m : nat) {struct n} : nat :=
match n with
| 0 =>m
| S p=>S (add p m)
end)
0 1) =
2

The term can be fully reduced with cbv:
Goal 1 + 1 = 2.

1 goal

Proof Irrelevance

It is legal to identify any two terms whose common type is a strict proposition A : SProp. Terms in a strict propositions
are therefore called irrelevant.

Convertibility

Let us write E[I'] F ¢ [> u for the contextual closure of the relation ¢ reduces to u in the global environment F and local
context I' with one of the previous reductions f3, 9, v or T.

We say that two terms ¢, and ¢, are fdln-convertible, or simply convertible, or definitionally equal, in the global environ-
ment F and local context I" iff there exist terms w, and u, such that E['] ¢, [>...[>uy and E[['] - ¢, [> ... > u, and

2.1. Core language 23



The Rocq Prover Reference Manual, Release 9.2

either u, and u, are identical up to irrelevant subterms, or they are convertible up to n-expansion, i.e. uy is Az : T'. u}
and u, is recursively convertible to ], or, symmetrically, u, is Az : T'. u}, and uq z is recursively convertible to u}. We
then write E[I'] -1 =g5,¢,) to-

Apart from this we consider two instances of polymorphic and cumulative (see Chapter Polymorphic Universes) inductive
types (see below) convertible

B[]+t wy..w,, =gs,c, t w)-.cwp,
if we have subtypings (see below) in both directions, i.e.,

B Ftwy..w, <gseptw)..w
and

E[lF tw)..w), <gsucn t Wy w
Furthermore, we consider

Bl F cvyv,, =gscn ¢ 10y,
convertible if

BT Fv; =gsc V%

and we have that ¢ and ¢’ are the same constructors of different instances of the same inductive types (differing only in
universe levels) such that

ElF cvy..v,, s twy..w,
and

ElF ¢ vy..v), : t w)...w),
and we have

/
m*

E[F] it wy... Wy, :B‘S"C"] tw’l.w

The convertibility relation allows introducing a new typing rule which says that two convertible well-formed types have
the same inhabitants.

2.1.6 Typing rules

The underlying formal language of the Rocq Prover is a Calculus of Inductive Constructions (CIC) whose inference rules
are presented in this chapter. The history of this formalism as well as pointers to related work are provided in a separate
chapter; see Early history of Coq.

The terms

The expressions of the CIC are terms and all terms have a type. There are types for functions (or programs), there are
atomic types (especially datatypes)... but also types for proofs and types for the types themselves. Especially, any object
handled in the formalism must belong to a type. For instance, universal quantification is relative to a type and takes the
form “for all x of type T', P”. The expression “x of type T” is written “x : T”. Informally, “x : T can be thought as “x
belongs to T".

Terms are built from sorts, variables, constants, abstractions, applications, local definitions, and products. From a syntactic
point of view, types cannot be distinguished from terms, except that they cannot start by an abstraction or a constructor.
More precisely the language of the Calculus of Inductive Constructions is built from the following rules.

24 Chapter 2. Specification language
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1. the sorts SProp, Prop, Set, Type(i) are terms.
variables, hereafter ranged over by letters z, y, etc., are terms

constants, hereafter ranged over by letters ¢, d, etc., are terms.

A

if « is a variable and 7', U are terms then Vz : T', U (forall x:T, U in Rocq concrete syntax) is a term. If
x occurs in U, Vz : T, U reads as “for all x of type T', U”. As U depends on z, one says that Vx : T', U is a
dependent product. If x does not occur in U then Vx : T', U reads as “if T' then U”. A non-dependent product can
be written: 7' — U.

5. if z is a variable and 7', u are terms then Az : 7. u (fun x:T => uin Rocq concrete syntax) is a term. This is a
notation for the h-abstraction of A-calculus [Bar81]. The term Ax : T'. u is a function which maps elements of T’
to the expression .

6. if ¢t and u are terms then (¢ u) is a term (t u in Rocq concrete syntax). The term (¢ w) reads as “t applied to u”.

7. if x is a variable, and ¢, T and w are terms then let z := ¢ : T in w is a term which denotes the term « where the
variable z is locally bound to ¢ of type T'. This stands for the common “let-in” construction of functional programs
such as ML or Scheme.

Free variables. The notion of free variables is defined as usual. In the expressions Az : T. U and Vx : T, U the
occurrences of x in U are bound.

Substitution. The notion of substituting a term ¢ to free occurrences of a variable x in a term w is defined as usual. The
resulting term is written u{z/t}.

The logical vs programming readings. The constructions of the CIC can be used to express both logical and program-
ming notions, according to the Curry-Howard correspondence between proofs and programs, and between propositions
and types [CFC58, dB72, How80].

For instance, let us assume that nat is the type of natural numbers with zero element written O and that True is the always
true proposition. Then — is used both to denote nat — nat which is the type of functions from nat to nat, to denote
True—True which is an implicative proposition, to denote hat — Prop which is the type of unary predicates over the
natural numbers, etc.

Let us assume that mult is a function of type nat — nat — nat and eqgnat a predicate of type nat — nat — Prop.
The A-abstraction can serve to build “ordinary” functions as in Az : nat. (mult z =) (i.e. fun x:nat => mult x x
in Rocq notation) but may build also predicates over the natural numbers. For instance Az : nat. (egnat « 0) (i.e. fun
x:nat => egnat x 0 in Rocq notation) will represent the predicate of one variable  which asserts the equality of x
with 0. This predicate has type nat — Prop and it can be applied to any expression of type nat, say ¢, to give an object
P t of type Prop, namely a proposition.

Furthermore forall x:nat, P x will represent the type of functions which associate with each natural number n an
object of type (P n) and consequently represent the type of proofs of the formula “Vz. P(x)”.

Typing rules

As objects of type theory, terms are subjected to type discipline. The well typing of a term depends on a local context and
a global environment.

Local context. A local context is an ordered list of declarations of variables. The declaration of a variable z is either an
assumption, written x : T' (where T' is a type) or a definition, written x := ¢ : T'. Local contexts are written in brackets,
for example [z : T'; y := w : U; z : V]. The variables declared in a local 